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Abstract
We construct minimal smooth models of coarse moduli schemes of
rational Drinfeld modules of rank 4 as well as their smooth compactifica-
tions.
Introduction
Moduli spaces of Drinfeld modules and shtukas regained a great interest after
the beautiful Lafforgue’s proof of the global Langlands conjecture for GLn over
global function fields (cf. [6]). The smoothness of toroidal Lafforgue compacti-
fication of the moduli stack of shtukas was crucial in his proof.
In this paper we study explicitly the “toy problem” of the smooth compact-
ification of coarse moduli spaces M4(1) of rational Drinfeld modules of rank
r = 4 (cf. [9] for the case r = 3). This moduli space is a toric threefold over
A = Fq[T ]. In section 3, we construct explicitly its minimal terminal model
M4min(1) which is not smooth. However, it is possible to construct its desingu-
larizationM4ess(1) by essential divisors which is minimal in the sense of minimal
volume of its shed. Finally, in section 5, we construct explicitly the minimal ter-
minal and smooth compactifications M4min(1) and M
4
ess(1) of our course moduli
scheme.
The results of this paper are also useful for the theory of complex multipli-
cation of Drinfeld modules of higher rank [8, ch. 3].
1 J-invariants of Drinfeld modules of rank 4
Let A = Fq[T ] be the ring of polynomials over the finite field Fq and K = Fq(T )
its quotient field. Let L be a field equipped with a non-trivial morphism αL :
A→ L and E a Drinfeld module of rank 4 over L :
T 7→ TE = αL(T ) + a1τ + a2τ
2 + a3τ
3 +∆(E)τ4, ∆(E) ∈ L∗. (1.1)
A coefficient ak, 1 6 k 6 4, is of weight q
k − 1. The j-invariant is a triple:
j(E) = (j1(E), j2(E), j3(E)) =
(
aq
3+q2+q+1
1
∆(E)
,
aq
2+1
2
∆(E)
,
aq
3+q2+q+1
3
∆(E)q2+q+1
)
. (1.2)
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In addition, we consider the following invariants (necessarily of weight zero) of
isomorphism classes of Drinfeld modules:
jδ1δ212 =
aδ11 a
δ2
2
∆(E)δ4
, δ1 + δ2(q + 1) = δ4(q
3 + q2 + q + 1), (1.3)
jδ1δ313 =
aδ11 a
δ3
3
∆(E)δ4
, δ1 + δ3(q
2 + q + 1) = δ4(q
3 + q2 + q + 1), (1.4)
jδ2δ323 =
aδ22 a
δ3
3
∆(E)δ4
, δ2(q + 1) + δ3(q
2 + q + 1) = δ4(q
3 + q2 + q + 1), (1.5)
and
jδ1δ2δ3123 =
aδ11 a
δ2
2 a
δ3
3
∆(E)δ4
, δ1 + δ2(q + 1) + δ3(q
2 + q + 1) = δ4
q4 − 1
q − 1
. (1.6)
These invariants are called basic if
0 6 δ1, δ3 6 q
3 + q2 + q + 1, and 0 6 δ2 6 q
2 + 1. (1.7)
2 Drinfeld coarse moduli threefold
Denote M4(1) the coarse moduli scheme of Drinfeld modules of rank 4. In our
previous paper we proved the following result.
Theorem 2.1 [9, th. 3.1] The coarse moduli scheme M4(1) is an affine toric
A-threefold generated by basic j-invariants, that is,
M4(1) = SpecA
[
j1, j2, j3, j
δ1δ2
12 , j
δ1δ3
13 , j
δ2δ3
23 , j
δ1δ2δ3
123
]
. (2.1)
The j-invariant defines a finite flat covering:
M4(1)→ SpecA[j1, j2, j3] (2.2)
of degree d = (q3 + q2 + q + 1)(q2 + 1).
This is a singular variety. Its singular locus can be easily described (cf. [9,
ex. 4.7]). Indeed, denote M4(1)[2] ⊂ M4(1) is the coarse moduli subscheme of
Drinfeld modules of type
T 7→ TE = αL(T ) + a2τ
2 +∆(E)τ4, (2.3)
that is, such that a1 = a3 = 0.
Proposition 2.1 ([9, th. 3.2]) The singular locus of M4(1) is the affine line
Sing(M4(1)) =M4(1)[2] = SpecA[j2] (2.4)
generated by the j2-invariant j2(E) =
a
q2+1
2
∆(E) .
2
It follows from the fact that Aut(E) = F∗
q2
/F∗q is non-trivial if j1(E) =
j3(E) = 0 and the theorem on “purity of branch locus”.
So M4(1) is an affine toric 3-fold and, therefore, can be described by a 3-
dimensional rational polyhedral cone [2]. Namely, we fix a lattice N3 of rank 3
and let N3∗ = HomZ(N
3,Z) be its dual. There exists a natural correspondence
between 3-dimensional rational strictly convex polyhedral cones in N3∗R and
3-dimensional affine toric varieties [2, 4, 7].
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(1, 0, 0)
(q2 + q + 1, 0, q3 + q2 + q + 1)
(1, q2 + 1, 0)
Figure 1: Dual rational cone σˇM of M
4(1)
Proposition 2.2 [9, th. 5.1] The rational simplicial cone σM of M
4(1) is span-
ned by :
e1 =
(
q4 − 1
q − 1
,−q − 1,−q2 − q − 1
)
, (2.5)
e2 = (0, 1, 0), e3 = (0, 0, 1). (2.6)
3
The cone spanned by
e∗1 = (1, 0, 0), e
∗
2 = (1, q
2 + 1, 0), (2.7)
e∗3 =
(
q2 + q + 1, 0,
q4 − 1
q − 1
)
(2.8)
is the dual rational cone σˇM of M
4(1).
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Figure 2: Rational simplicial cone σM of M
4(1)
3 Minimal terminal model
In this section we construct the minimal terminal model M4min(1) of M
4(1) in
the sense of Mori theory applied to the toric geometry [10].
We denote Sk1 σ the set of extremal rays of a simplicial cone σ and lσ a
linear form on N3Q such that lσ
(
Sk1 σ
)
= 1. The convex polytope σ ∩ l−1σ [0, 1]
is called the shed of σ and the convex polytope σ ∩ l−1σ (1) in codimension 1 is
called the roof of the shed of σ (cf. [1, 10]). Let now σ = σM be the simplicial
cone of M4(1). Then Sk1 σM = {〈e1〉, 〈e2〉, 〈e3〉} where 〈ei〉, 1 6 i 6 3, are rays
spanned by vectors ei defined in prop. 2.2. The shed of σM is the tetrahedron
generated by these vectors and its roof is the facet not containing the origin
(hatched on fig. 2).
For any indices 1 6 i1 < i2 6 4 we will use the notation M
4(1)[i1, i2] for
the moduli surface of Drinfeld modules such that their coefficient ai (1 6 i 6 3,
i 6= i1, i2) is zero. For instance, M
4(1)[1, 3] is the moduli surface of Drinfeld
modules such that a2 = 0.
4
Theorem 3.1 (cf. [9, th. 6.1]) The consecutive star subdivisions centered in the
rays
(q2 + 1,−1,−q), and (1, 0, 0) (3.1)
define the unique minimal terminal model M4
min
(1) of M4(1).
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(q3 + q2 + q + 1,−q − 1,−q2 − q − 1)
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(q2 + 1,−1,−q)
Figure 3: Rational fan Σmin of minimal terminal model M
4
min(1)
Proof. Denote Σmin the fan of M
4
min(1). The extremal rays of the cones of Σmin
are called terminal rays of σM . A point of the shed of σM generating a terminal
ray will be called a terminal point.
Terminal points are necessarily integral points lying inside of the shed of σ.
Their coordinates may be found by consecutive projections to the coordinates
(x1, x3) and (−x3, x2). The projection on (x1, x3) defines the two-dimensional
cone 〈(
q4 − 1
q − 1
,−q2 − q − 1
)
, (0, 1)
〉
. (3.2)
which is the rational cone of the surface M4(1)[1, 3]. The points (lq + 1,−l)
for 0 6 l < q2 + q + 1 are the only integral points strictly inside of the shed of
this cone. They define the minimal desingularization of the surface M4(1)[1, 3]
(cf. fig.4). Note that all these internal terminal points belong to the same line
x1 = 1− qx3.
The projection on (−x3, x2) defines the two-dimensional fan
〈(q2 + q + 1,−q − 1), (0, 1), (−1, 0)〉 (3.3)
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This is the dual fan of the weighted projective space
PA(q − 1, q
2 − 1, q3 − 1) = PA(1, q + 1, q
2 + q + 1), (3.4)
(over A) and this latter can be also considered as the (compactified) coarse
moduli space M3(1) of Drinfeld modules of rank 6 3 [9, sect. 3]. The points
(lq + 1,−l) for 0 6 l < q + 1 and the point (q,−1) are the only integral points
strictly inside of the shed of this fan. These points give the minimal smooth
compactification of the moduli surface M3(1) (cf. fig.5). Note that all internal
terminal points (except for (q,−1)) belong to the line x3 = qx2 − 1.
(0, 1)
(1, 0)
(q + 1,−1)
(lq + 1,−l)
(q3 + q2 + q + 1,−q2 − q − 1)
Figure 4: Minimal desingularization of the surface M4(1)[1, 3]
Combining these results, we get that a point (x1, x2, x3) (distinct from the
origin and lying strictly inside of the shed of σM ) can be terminal only if it is
(1, 0, 0), (q2 + 1,−1,−q) or given by the relations
0 6 −x2 6 q, x3 = qx2 − 1, and x1 = 1− qx3. (3.5)
On the one hand, an easy straightforward computation shows that points (3.5)
lie above the hyperplane passing through e1, e2 and e3. So they do not belong
to the shed of σM and can not be terminal. On the other hand, the rays
(q2 + 1,−1,−q) and (1, 0, 0) are terminal. The consecutive star subdivisions
centered in these rays yield the shed represented on fig. 3. This shed has a
concave roof along internal walls (cf. [10] for exhaustive terminology). It follows
from Reid’s theorem [10, th. 0.2] that the corresponding variety is a minimal
terminal model. Any other minimal model with terminal singularities should
have the same shed. It is easy to check that the roof of our shed is strictly
concave along internal walls and, consequently, the constructed minimal model
is unique. 
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(0, 1)
(1, 0)
(q + 1,−1)
(lq + 1,−l)
(−1, 0)
(q,−1)
(q2 + q + 1,−q − 1)
Figure 5: Minimal smooth compactification of the moduli surface M3(1)
4 Minimal essential smooth model
The minimal terminal model M4min(1) constructed in the previous section is not
smooth. However, it is possible to construct a unique smooth model which is
minimal in the sense that the volume (of its shed) is minimal (cf. [1]). Tech-
nically speaking, this model is called essential since it is obtained by a chain
of blow-ups of M4(1) such that all exceptional divisors are essential, that is,
present in any smooth model [1].
Theorem 4.1 The star subdivisions of the fan Σmin of M
4
min
(1) centered in the
rays
(kq2 + lq + 1,−k,−kq − l), 1 6 k 6 q, (4.1)
followed by the star subdivisions centered in the rays
(kq2 + lq + 1,−k,−kq − l), 0 6 k 6 q, (4.2)
where {
2 ≤ l ≤ q if 1 ≤ k ≤ q
1 ≤ l ≤ q − 1 if k = 0
, (4.3)
define the unique (minimal) essential smooth model M4
ess
(1).
7
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(q3 + q + 1,−q,−q2 − 1)
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(q2 + q + 1,−1,−q − 1)
(q2 + 1,−1,−q)
Figure 6: Minimal essential desingularization of M4(1)
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Proof. Any smooth toric 3-fold corresponds to a regular fan, i.e. such that any
cone is generated by a basis of Z3. Consequently, in order to find a smooth
model of M4min(1), it is necessary to find a regular subdivision of the fan Σmin.
Actually, we only need to find a regular subdivision of the fan generated by
cones
σ′0 =
〈
(1, 0, 0), (0, 1, 0), (q2 + 1,−1,−q)
〉
(4.4)
and
σq+1 =
〈
((0, 1, 0), (q2 + 1,−1,−q),
(
q4 − 1
q − 1
,−q − 1,−q2 − q − 1
)〉
. (4.5)
The multiplicity µσ
q+1
of the cone σq+1 is equal to q
2 + 1. In view of ([1],
Prop. 2.6) there exists a unique point xσ
q+1
of σq+1 such that
lσ
q+1
(xσ
q+1
) = 1 +
1
µσ
q+1
. (4.6)
In our case, the linear form lσ
q+1
is given by :
lσ
q+1
=
(q2 + 2)
q2 + 1
x+ y + qz. (4.7)
We denote Pq the point (q
3 + q + 1,−q,−q2 − 1) and we obtain that
lσ
q+1
(Pq) = 1 +
1
q2 + 1
. (4.8)
Using the procedure of G-desingularisation [1], we should make a star subdivi-
sion centered in Pq.
More generally, for any 2 ≤ k ≤ q + 1, the multiplicity of the cone
σk = 〈(0, 1, 0), (q
2 + 1,−1,−q), (kq2 + q + 1,−k,−kq− 1)〉 (4.9)
is equal to µσ
k
= (k − 1)q + 1. In addition, the point
Pk−1 =
(
(k − 1)q2 + q + 1, 1− k, (1− k)q − 1
)
(4.10)
is such that
lσ
k
(Pk−1) = 1 +
1
(k − 1)q + 1
. (4.11)
In this way we obtain that the consecutive star subdivisions centered in Pk for
1 6 k 6 q are the first q steps of the G-desingularisation procedure.
We should now find regular subdivisions of the cones
σ′k = 〈Pk, Pk+1, (0, 1, 0)〉 (4.12)
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for 1 6 k 6 q and of the cone
σ′0 = 〈(q
2 + 1,−1− q), (1, 0, 0), (0, 1, 0)〉. (4.13)
These are cones of multiplicity q. It is easy to notice that the points
Pkl = (kq
2 + lq + 1,−k,−kq− l), (4.14)
for any 2 6 l 6 q if 1 6 k 6 q and for any 1 6 l 6 q− 1 if k = 0, are aligned for
a fixed k and such that
lσ′
k
(Pkl) ∈ [1, 2[. (4.15)
Consequently, we have obtained the minimal desingularisation of M4(1) by es-
sential divisors. 
5 Minimal smooth compactificaion
Denote M4(1) the moduli space of Drinfeld modules of rank 6 4. On the one
hand, it is easy to prove that this space is a canonical compactification ofM4(1).
On the other hand, it is easy to describe it in terms of toric geometry.
Proposition 5.1 ([5, 1.6], [9, prop. 3.3]) The weighted projective space
M4(1) = PA(q − 1, q
2 − 1, q3 − 1, q4 − 1) (5.1)
= PA(1, q + 1, q
2 + q + 1, q3 + q2 + q + 1), (5.2)
is the coarse moduli scheme of rational Drinfeld modules of rank 6 4. The fan
spanned by
e1 =
(
q4 − 1
q − 1
,−q − 1,−q2 − q − 1
)
, (5.3)
e2 = (0, 1, 0), e3 = (0, 0, 1) and e4 = (−1, 0, 0), (5.4)
is the rational simplicial fan σM of M
4(1).
Indeed, it is easy to see (cf. [9, prop. 3.3]) that the affine subvariety of
M4(1) = PA(q − 1, q
2 − 1, q3 − 1, q4 − 1) (5.5)
corresponding to the non-zero kth coordinate, 1 6 k 6 3, is the coarse mod-
uli scheme M4(1)[jk 6= 0] of Drinfeld modules of rank 6 r with non-zero jk-
invariant. Moreover, M4(1) is the gluing of M4(1) with these three affine A-
varieties. Its fan σM is obtained by adding the ray (−1, 0, 0) to the rational
cone σM (cf. prop. 2.2).
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Figure 7: Rational simplicial fan σM of M
4(1)
Now we can extend our theorems 3.1 and 4.1.
Theorem 5.1 i) The consecutive star subdivisions of σM centered in the rays
(q2 + 1,−1,−q), and (1, 0, 0)
followed by the star subdivision centered in (q, 0,−1) define the unique minimal
terminal compactification M4
min
(1) of M4(1).
ii) The consecutive star subdivisions of σM centered in the rays (4.1), (4.2) and
(kq2 + q,−k,−kq − 1) (5.6)
for 0 6 k 6 q define the unique minimal essential smooth compactification of
M4(1).
Proof. We have seen above thatM4(1) is the gluing ofM4(1) withM4(1)[jk 6= 0]
for 1 6 k 6 3. The affine subvariety M4(1)[j1 6= 0] is isomorphic to A
3
A and,
consequently, non-singular. In addition, it is easy to see that M4(1)[j2 6= 0]
corresponding to the cone
〈(−1, 0, 0), (0, 0, 1), (q3 + q2 + q + 1,−q − 1,−q2 − q − 1)〉 (5.7)
is desingularized by the blow-up corresponding to the star subdivision centered
in the ray (q2 + 1,−1,−q) belonging to the plane
〈O, (0, 0, 1), (q3 + q2 + q + 1,−q − 1,−q2 − q − 1)〉. (5.8)
11
               
               
               
               
               
               
               
               
               
               
               
               
               













                        
                        
                        
                        
                        
                        
                        
                        








 
 
 
 
 
 
 
 
 
 
 











               
               
               
               
               
               
               
               








  
  
O
(0, 0, 1)
(q2 + 1,−1,−q)
(−1, 0, 0)
(q3 + q2 + q + 1,−q − 1,−q2 − q − 1)
Figure 8: Desingularization of M4(1)[j2 6= 0]
Thus, we only need to find a minimal terminal and essential smooth models
of the affine A-variety M4(1)[j3 6= 0] corresponding to the cone
〈(−1, 0, 0), (0, 1, 0), (q3 + q2 + q + 1,−q − 1,−q2 − q − 1)〉 (5.9)
as well as its desingularization by essential divisors. The proof of i) is similar
to the proof of theorem 3.1 (cf. also [9, th 6.2]). Indeed, consider projections of
the fan σM to the coordinates (x1, x3) and (−x3, x2). These projections define
two-dimensional fans〈
(−1, 0), (0, 1),
(
qk+1 − 1
q − 1
,
1− qk
q − 1
)〉
(5.10)
for k = 2, 3. Searching for integral points inside the sheds of these fans, one
finds two points of theorem 3.1 as well as the point (q, 0,−1) lying in the cone〈
(−1, 0), (0, 1),
(
q3 + q2 + q + 1,−q2 − q − 1
)〉
. (5.11)
Star subdivisions centered in corresponding terminal rays define M4min(1).
In order to prove ii), we should now desingularizeM4(1)[j3 6= 0] correspond-
ing to the cone (5.9). The cones
〈(0, 1, 0), (q, 0,−1), (q3 + q2 + q + 1,−q − 1,−q2 − q − 1)〉 (5.12)
and
〈(−1, 0, 0), (0, 1, 0), (q, 0,−1)〉 (5.13)
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are already regular. It suffices to find a regular subdivision of the cone
σ˜0 = 〈(−1, 0, 0), (q, 0,−1), (q
3 + q2 + q + 1,−q − 1,−q2 − q − 1)〉. (5.14)
of multiplicity q + 1.
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  
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

 
 
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  
 
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


(0, 1, 0)
(−1, 0, 0)
(q, 0,−1)
(q3 + q,−q,−q2 − 1)
(q3 + q2 + q + 1,−q − 1,−q2 − q − 1)
(kq2 + q,−k,−kq − 1)
Figure 9: Desingularization of M4(1)[j3 6= 0]
The linear form lσ˜
0
is given by :
lσ˜
0
= −x+
q2 + q + 1
q + 1
y − (q + 1)z. (5.15)
Denote Q1 the point (q
2 + q,−1,−q − 1) then we obtain that
lσ˜
0
(Q1) = 1 +
1
q + 1
. (5.16)
Using the procedure of G-desingularisation [1], we should make a star subdivi-
sion centered in Q1. More generally, for any 0 ≤ k ≤ q − 1, the multiplicity of
the cone
σ˜k =
〈
(−1, 0, 0), (kq2 + q,−k,−kq − 1),
(
q4 − 1
q − 1
,−q − 1,
1− q3
q − 1
)〉
(5.17)
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is equal to µσ˜
k
= q + 1− k. In addition, the point
Qk+1 =
(
(k + 1)q2 + q, 1− (k + 1),−(k + 1)q − 1
)
(5.18)
is such that
lσ
k
(Qk+1) = 1 +
1
q + 1− k
. (5.19)
In this way we obtain that the consecutive star subdivisions centered in Qk for
1 6 k 6 q define the G-desingularisation of σ˜0.
Thus, we have found the minimal desingularization of M4(1)[j3 6= 0] and it
finishes the proof. 
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